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LOWER BOUND ESTIMATES FOR THE FIRST EIGENVALUE OF THE WEIGHTED
p-LAPLACIAN ON SMOOTH METRIC MEASURE SPACES
YU-ZHAO WANG AND HUAI-QIAN LI1
Abstract. New lower bounds of the first nonzero eigenvalue of the weighted p-Laplacian are estab-
lished on compact smooth metric measure spaces with or without boundaries. Under the assumption
of positive lower bound for the m-Bakry– ´Emery Ricci curvature, the Escober–Lichnerowicz–Reilly
type estimates are proved; under the assumption of nonnegative ∞-Bakry– ´Emery Ricci curvature
and the m-Bakry– ´Emery Ricci curvature bounded from below by a non-positive constant, the Li–Yau
type lower bound estimates are given. The weighted p-Bochner formula and the weighted p-Reilly
formula are derived as the key tools for the establishment of the above results.
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1. Introduction and main results
Let (M, g) be a compact n-dimensional Riemannian manifold. Denote by Ric the Ricci curvature,
by D the diameter of M and by ∂M the boundary of M. It is known that the eigenvalue estimate
for the Laplacian on Riemannian manifolds, which is studied intensively, is an important and long-
standing issue in geometric analysis and PDE theory (see e.g. [6, 39, 21]). Among the results on
the lowest eigenvalue estimates, the most famous one is obtained by Lichnerowicz [25] and Obata
[31]. Let λ1 be the first nonzero eigenvalue of M.
Theorem A (Lichnerowicz–Obata). Let (M, g) be a closed Riemannian manifold with positive Ricci
curvature, i.e., Ric ≥ Kg for some K > 0. Then
λ1 ≥
n
n − 1K, (1.1)
and equality holds if and only if M is isometric to the n-sphere with constant sectional curvature
K
n−1 .
When M has a nonempty boundary, if Ric ≥ Kg for some K > 0 and the mean curvature with
respect to the outward unit norm vector field is nonnegative, Reilly [33, Theorem 4] established the
Lichnerowicz–Obata result for the first Dirichlet eigenvalue, and if the boundary of M is convex,
Escobar [12, Theorem 4.3] proved the Lichnerowicz–Obata result for the first nonzero Neumann
eigenvalue.
Assume that M is closed and has nonnegative Ricci curvature, i.e., Ric ≥ 0. Li–Yau [22] deduced
that
λ1 ≥
pi2
2D2
. (1.2)
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2 Lower bound estimates for the first eigenvalue of the weighted p-Laplacian
Later, Zhong–Yang [44] improved this estimate by an optimal lower bound, i.e.,
λ1 ≥
(
pi
D
)2
. (1.3)
Moreover, Hang–Wang [15] proved that if the equality in (1.3) holds then M must be isometric to
the unit circle with radius D/pi.
The results for the case of general Ricci curvature lower bound K ∈ R were obtained by Kro¨ger
[19] using the gradient comparison technique, and independently by Chen–Wang [7, 8] applying
the probabilistic “coupling method”, and recently by Andrews and Clutterbuck [2] deriving sharp
estimates on the modulus of continuity for solutions of the heat equation. In a submitted paper, F.Z.
Gong, D.J. Luo and the second named author [14] also adapted successfully the coupling method
to give a new proof of the fundamental gap conjecture, which was first proved by Andrews and
Clutterbuck in the seminal paper [1].
We should mention that there are also extensions of the Lichnerowicz–Obata theorem in the non-
smooth metric measure spaces. Let K > 0. Lott–Vinalli [26] obtained (1.1) under the curvature-
dimension condition CD(K, n) (see also [40, Theorem 30.25]). Erbar–Kuwada–Sturm [11] showed
(1.1) under the Reimannian curvature-dimension condition RCD∗(K, n), which is the strengthening
of the curvature-dimension condition in the sense of Lott–Sturm–Villani by requiring the linear-
ity of the heat flow, and Ketterer [16] established the rigidity part recently. In the Alexandrov
space with a new notion of the Ricci curvature lower bound, which is stronger than the Rie-
mannian curvature-dimension condition, namely C(K, n), Qian-Zhang-Zhu [32] obtained the the
Lichnerowicz–Obata theorem.
A natural question is how to estimate the bound of the first eigenvalue of the p-Laplacian on
the compact Riemannian manifold M. Let p ∈ (1,∞) here and in the sequel. The p-Laplacian is
defined by
∆pu := div(|∇u|p−2∇u), for every u ∈ W1,p(M),
which is understood in distribution sense. The first nonzero eigenvalue of ∆p is conventionally
denoted by λ1,p. When the closed Riemannian manifold (M, g) has positive Ricci curvature lower
bound, i.e., Ric ≥ (n − 1)Kg with K > 0, by using a Bochner type formula, Matei [28] showed that
λ1,p ≥
((n − 1)K
p − 1
) p
2
, p ≥ 2, (1.4)
and also a Lichnerowicz–Obata type result by using the Le´vy–Gromov isoperimetric inequality.
On a compact Riemannian manifold with nonnegative Ricci curvature, Valtorta [34, Theorem 7.1]
recently obtained a sharp lower bound for the first nonzero eigenvalue of the p-Laplacian by apply-
ing the gradient comparison method, which can be viewed as a generalization of the Zhong–Yang
estimate (1.3) when p = 2, and he also established the rigidity part which we omit here (see [34,
Theorem 8.2]).
Theorem B (Valtorta). Let M be an n-dimensional compact Riemannian manifold with nonnegative
Ricci curvature and possibly with convex boundary ∂M. Suppose that λ1,p is the first nonzero
eigenvalue of the p-Laplacian (with the Neumann boundary condition if ∂M , ∅). Then
λ1,p ≥ (p − 1)
(pip
D
)p
, (1.5)
where
pip := 2
∫ 1
0
ds
(1 − sp)1/p =
2pi
p sin (pi/p) . (1.6)
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Now recall that a smooth metric measure space is a triple (M, g, dµ), where (M, g) is a complete
n-dimensional Riemannian manifold and dµ := e− f dV with f a fixed smooth real-valued function
on M. Denote by ∇, ∆ and Hess the gradient, Laplace and Hessian operators, and by dV the
Riemannian volume measure. The smooth metric measure space carries a natural analog of the
Ricci curvature, the so-called m-Bakry– ´Emery Ricci curvature, which is defined as
Ricmf := Ric + Hess f −
∇ f ⊗ ∇ f
m − n , (n < m ≤ ∞).
In particular, when m = ∞, Ric∞f := Ric f := Ric + Hess f is the classical Bakry– ´Emery Ricci
curvature, which is introduced by Bakry– ´Emery [3] in the study of diffusion processes (see also
[4] for a comprehensive introduction), and then it has been extensively investigated in the theory
of the Ricci flow (for example, the gradient Ricci soliton equation is precisely Ric f = λg for some
constant λ) (see e.g. [10]). The case where m = n is only defined when f is a constant function.
There is also a natural analog of the Laplacian, that is, the weighted Laplacian (also called the
f -Laplacian, drifting Laplacian or Witten Laplacian in the literature), denoted by ∆ f = ∆ − ∇ f · ∇,
which is a self-adjoint operator in L2(M, dµ).
For the first nonzero eigenvalue of the weighted Laplacian on the compact Riemannian manifold
without boundary or with convex boundary, Bakry–Qian [5, Theorem 14] obtained a unified lower
bound, under the assumption of the m-Bakry– ´Emery Ricci curvature bounded from below. Under
the inspiration of recent studies on Ricci solitons and self-shrinkers, there are many results includ-
ing the ones on gradient estimates and eigenvalue estimates of the weighted Laplacian in smooth
metric measure spaces via the m-Bakry– ´Emery Ricci curvature; see [23, 24, 29] and references
therein. Recently, under the assumption of the Bakry– ´Emery Ricci curvature bounded from below,
Futaki–Li–Li [13] proved a lower bound for the first nonzero eigenvalue of the weighted Laplacian
on the compact Riemannian manifold without boundary, i.e.,
λ1 ≥ sup
s∈(0,1)
{
4s(1 − s) pi
2
D2
+ sK
}
.
Li–Wei [20, Theorem 3] also showed a Lichnerowicz–Obtata type lower bound of the first nontriv-
ial eigenvalue of the weighted Laplacian on a compact Riemannian manifold with boundary under
the assumption of positive m-Bakry– ´Emery Ricci curvature lower bound.
In this note, we consider the first eigenvalue lower bound estimate of the weighted p-Laplacian,
denoted by ∆p, f , on the compact smooth metric measure space (M, g, dµ). More precisely, for a
function u ∈ W1,p(M), the weighted p-Laplacian is defined by
∆p, f u := e f div(e− f |∇u|p−2∇u),
which is also understood in distribution sense. We call that λ is an eigenvalue of the weighted
p-Laplacian ∆p, f if there exists a nonzero function u ∈ W1,p(M) satisfying
∆p, f u = −λ|u|p−2u (1.7)
in distribution sense. We also use the notation λ1,p to denote the first nonzero eigenvalue of ∆p, f
(since we will never consider ∆p from now on).
Inspired by works mentioned above, combining the weighted p-Bochner formula (see Lemma
2.1 below) and the weighted p-Reilly formula (see Lemma 2.2 below) with the gradient estimate
technique, we can obtain some lower bound estimates for the eigenvalue λ1,p in terms of the sign
of the m-Bakry– ´Emery Ricci curvature.
4 Lower bound estimates for the first eigenvalue of the weighted p-Laplacian
Now we begin to introduce the main results in this work. We first need some notations. Let n
be the outer unit normal vector field of ∂M. The second fundamental form of ∂M is defined by
II(X, Y) = 〈∇Xn, Y〉 for any vector fields X and Y on ∂M. The quantities
H(x) := tr(IIx) and H f (x) := H(x) − 〈∇ f (x), n(x)〉
are the mean curvature and the weighted mean curvature of ∂M at x ∈ M. We call that ∂M is convex
if the second fundamental form II ≥ 0. If ∂M , ∅, we assume the Dirichlet boundary condition or
Neumann boundary condition, and then denote the first Dirichlet eigenvalue and the first nonzero
Neumann eigenvalue of the weighted p-Laplacian ∆p, f as λDir and λNeu, respectively.
Theorem 1.1 (Escobar–Lichnerowicz–Reilly type estimates). Assume p ≥ 2 and K > 0. Let
(M, g, dµ) be a compact smooth metric measure space.
(1) Suppose ∂M = ∅. If Ricmf ≥ Kg, then,
λ1,p ≥
1
(p − 1)p−1
(
mK
m − 1
) p2
, (1.8)
where λ1,p is the first nonzero eigenvalue of the weighted p-Laplacian. In particular, if Ric f ≥ Kg,
λ1,p ≥
K
p
2
(p − 1)p−1 . (1.9)
(2) Suppose ∂M , ∅. For the Dirichlet eigenvalue λDir, we assume the weighted mean curvature
H f is nonnegative, and for the Neumann eigenvalue λNeu, we assume the boundary ∂M is convex.
If Ricmf ≥ Kg, then
λDir ≥
1
(p − 1)p−1
(
mK
m − 1
) p2
, λNeu ≥
1
(p − 1)p−1
(
mK
m − 1
) p2
. (1.10)
In particular, if Ric f ≥ Kg, then
λDir ≥
K
p
2
(p − 1)p−1 , λNeu ≥
K
p
2
(p − 1)p−1 . (1.11)
Remark 1.2. (i) It seems that even for the p-Laplacian case, estimates in (1.8)-(1.11) are new.
In particular, when p = 2, namely the weighted Laplacian case, the lower bounds in (1.8) and
(1.10) reduce to m
m−1 K, which was obtained in [20, Theorem 3] (see also [27, Theorem 2]), and in
addition, if f is constant, then for ∂M = ∅, (1.8) is exactly the Lichnerowicz estimate (1.1), and
for ∂M , ∅, estimates in (1.10) are due to [12] and independently [42] in the Dirichlet case and to
[33] in the Neumann case.
(ii) Compared with the lower bound in [28, Theorem 3.2] for the particular p-Laplacian case
(see also (1.4)), it is easy to see that the lower bound in (1.9) is strictly smaller when p > 2.
(iii) Recently, under the assumption of Theorem 1.1 (1), L.F. Wang [36, Theorem 1.1] obtained
an estimate analogous to (1.8) for the case where m < ∞; however, it is quite involved compared
with our result.
The next two results generalize the ones in the Laplacian setting due to Li–Yau [22] (see also
[39, Chapter 3] and (1.2) above).
Theorem 1.3. Let (M, g, dµ) be a compact smooth metric measure space with nonnegative Barky–
´Emery Ricci curvature (i.e., Ric f ≥ 0).
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(1) Suppose ∂M = ∅. Then the first nonzero eigenvalue of the weighted p-Laplacian satisfies
λ1,p ≥ (p − 1)
( pip
2D
)p
.
(2) Suppose ∂M , ∅. If the weighted mean curvature H f of ∂M is nonnegative, then
λDir ≥ (p − 1)
( pip
2D
)p
;
if ∂M is convex, then
λNeu ≥ (p − 1)
( pip
2D
)p
.
Here pip is defined in (1.6).
Remark 1.4. In [34, 30], the authors obtained sharp estimates for the first nonzero eigenvalue of
the p-Laplacian on compact Riemannian manifolds by a different approach (see also Theorem B).
However, we cannot prove the sharp form under the condition of Theorem 1.3 by our approach
for the moment. We should mention that also for the p-Laplacian, under the assumption of the
quasi-positive Ricci curvature (i.e., Ric ≥ 0 with at least one point where Ric > 0), the same lower
bounds for λ1,p and λDir were obtained in [43].
Theorem 1.5. Let (M, g, dµ) be a closed smooth metric measure space satisfying Ricmf ≥ −Kg with
K ≥ 0. Then the first nonzero eigenvalue of the weighted p-Laplacian satisfies
λ1,p ≥
C(p,m)
Dp
exp
(
−
√
(m − 1)KD
)
, (1.12)
where
C(p,m) = 2
m + 1
( p
p − 1
)p−1
e−p.
In addition, if M has a convex boundary, then the first nonzero Neumann eigenvalue λNeu also
satisfies the estimate (1.12).
Remark 1.6. In the setting of the p-Laplacian, a lower bound estimate similar to (1.12) is estab-
lished in [35, Theorem 4] without mentioning the nonempty boundary case.
This note is organized as follows. In Section 2, we establish the weighted p-Bochner and the
weighted p-Reilly formulas as the key tools to prove our main results by a detailed calculation. The
proofs of main theorems are presented in Section 3.
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6 Lower bound estimates for the first eigenvalue of the weighted p-Laplacian
2. The weighted p-Bochner and p-Reilly formulas
Let (M, g, dµ) be a smooth metric measure space. In the Laplacian setting, the important tools
for gradient estimates and first eigenvalue estimates are the maximum principle, Bochner formula
and Reilly formula. Likewise, in our weighted p-Laplacian setting, we are going to establish the
weighted p-Bochner formula and weighted p-Reilly formula. Instead of using the Laplacian, we
use the linearized operator of the weighted p-Laplacian at the maximum point in this work. The
linearized operator of the weighted p-Laplacian at point u ∈ C2(M) such that ∇u , 0 is given by
(see [37, 38])
L f (ψ) :=e f div
(
e− f |∇u|p−2A(∇ψ)
)
=|∇u|p−2∆ fψ + (p − 2)|∇u|p−4Hessψ(∇u,∇u)
+ (p − 2)∆p, f u〈∇u,∇ψ〉|∇u|2 + 2(p − 2)|∇u|
p−4Hess u
(
∇u,∇ψ − ∇u|∇u|
〈 ∇u
|∇u| ,∇ψ
〉)
,
for a smooth function ψ on M, where A can be viewed as a tensor and it is defined as
A := Id + (p − 2)∇u ⊗ ∇u|∇u|2 . (2.1)
This operator L f is defined pointwise only at the points that ∇u , 0 holds, and moreover, at these
points, L f is strictly elliptic. Denote by L f the sum of the second order parts of L f , and hence
L f (ψ) = |∇u|p−2∆ fψ + (p − 2)|∇u|p−4Hessψ(∇u,∇u).
Note that
L f (u) = (p − 1)∆p, f u, L f (u) = ∆p, f u.
We should mention that, since the equation (1.7) can be either degenerate or singular at the points
such that ∇u = 0 (according to the value of p), we usually use an ε-regularization technique by
replacing the linearized operator L f with its approximate operator, i.e.,
L f ,εψ = e f div
(
e− f w
p
2−1
ε Aε(∇ψ)
)
,
where ε > 0, wε = |∇uε|2 + ε, Aε = Id + (p − 2)∇uε⊗∇uεwε and uε is a solution to the approximate
equation
e f div(e− f w p2−1ε ∇uε) = −λ|uε|p−2uε.
In order to avoid the tedious presentation, we omit the details here; the interested reader should
refer to [18] for example.
Now we prove a nonlinear form of the weighted Bochner type formula related to the linearized
weighted p-Laplacian.
Lemma 2.1 (weighted p-Bochner formula). Let (M, g, dµ) be a smooth metric measure space.
Given a C3 function u, if |∇u| , 0, then
1
p
L f (|∇u|p) =|∇u|2p−4
(
|Hess u|2 + p(p − 2)(∆∞u)2 + Ric f (∇u,∇u)
)
+ |∇u|p−2
(
〈∇∆p, f u,∇u〉 − (p − 2)∆∞u∆p, f u
)
,
(2.2)
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where ∆∞u := Hess u(∇u,∇u)|∇u|2 ; furthermore,
1
p
L f (|∇u|p) = |∇u|2p−4
(
|Hess u|2A + Ric f (∇u,∇u)
)
+ |∇u|p−2〈∇u,∇∆p, f u〉, (2.3)
where |Hess u|2A = AikA jlui jukl and A is defined in (2.1).
Proof. Choose a local orthonormal frame of vector fields e1, · · · , en with en = n on the boundary
∂M, and denote ui = du(ei), ui j = Hess u(ei, e j), etc. Let w := |∇u|2. Then wi = 2ukuki, w j = 2ulul j
and wi j = 2uk juki+2ukuki j, so that ∆∞u =
uiui ju j
w
=
〈∇w,∇u〉
2w . Let us calculate ∆ f (|∇u|p) and Hess(|∇u|p).
Applying the weighted Bochner formula (see e.g. [23] or [41]), we have
1
p
∆ f (wp/2) =12w
p/2−1
(
∆ f w + ( p2 − 1)
|∇w|2
w
)
=wp/2−1
(
|Hess u|2 + Ric f (∇u,∇u) + 〈∇u,∇∆ f u〉 + (p − 2) |∇w|
2
4w
)
,
and
1
p
∇i∇ j(wp/2) =12w
p/2−1
(
wi j + ( p2 − 1)
wiw j
w
)
=wp/2−1
(
uk juki + ukuki j + (p − 2)
ukukiulul j
w
)
,
where ∇i = ∇ei . These lead us to
1
p
(∇i∇ jwp/2)uiu j
w
=wp/2−1
(uk ju jukiui
w
+
ukuiu juki j
w
+ (p − 2)ukukiuiulul ju j
w2
)
=wp/2−1
( |∇w|2
4w
+
ukuiu juki j
w
+ (p − 2)(∆∞u)2
)
.
Then we obtain
1
p
L f (|∇u|p) =1pw
p/2−1
(
∆ f wp/2 + (p − 2)
(∇i∇ jwp/2)uiu j
w
)
=wp−2
(
|Hess u|2 + Ric f (∇u,∇u) + 〈∇u,∇∆ f u〉 + (p − 2) |∇w|
2
4w
)
+ (p − 2)wp−2
( |∇w|2
4w
+
ukuiu juki j
w
+ (p − 2)(∆∞u)2
)
.
On the other hand,
〈∇u,∇∆∞u〉 =uk ·
(uiu jui j
w
)
k
=
ui jkuiu juk
w
+
ukuiku jui j
w
+
uku jkuiui j
w
− 2ukulukluiu jui j
w2
=
ui jkuiu juk
w
+
|∇w|2
2w
− 2(∆∞u)2,
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and
〈∇u,∇∆p, f u〉 =
〈
∇u,∇
(
wp/2−1(∆ f u + (p − 2)∆∞u)
)〉
=wp/2−1
(
〈∇u,∇∆ f u〉 + (p − 2)〈∇u,∇∆∞u〉 + ( p2 − 1)w
−p/2〈∇u,∇w〉∆p, f u
)
=wp/2−1〈∇u,∇∆ f u〉 + (p − 2)wp/2−1
(ui jkuiu juk
w
+
|∇w|2
2w
− 2(∆∞u)2 + w1−p/2∆∞u∆p, f u
)
.
Thus, we conclude that
1
p
L f (|∇u|p) = wp−2
(
|Hess u|2 + Ric f (∇u,∇u) + w1−p/2〈∇u,∇∆p, f u〉
)
+ (p − 2)wp−2∆∞u
(
p∆∞u − w1−p/2∆p, f u
)
.
Thus, (2.2) follows.
Moreover, the first order part of L f is given by
1
p
L f (wp/2) − 1pL f (w
p/2)
=(p − 2)wp/2−1∆p, f u〈∇u,∇w〉2w + (p − 2)w
p−3Hess u
(
∇u,∇w − 〈∇u,∇w〉
w
∇u
)
=(p − 2)wp/2−1∆p, f u∆∞u + (p − 2)wp−2
( |∇w|2
2w
− 2(∆∞u)2
)
.
Thus,
1
p
L f (|∇u|p) =wp−2
(
|Hess u|2 + Ric f (∇u,∇u) + w1−p/2〈∇u,∇∆p, f u〉
)
+ (p − 2)2wp−2(∆∞u)2 + (p − 2)wp−2 |∇w|
2
2w
=wp−2
(
Ric f (∇u,∇u) + w1−p/2〈∇u,∇∆p, f u〉
)
+ wp−2
(
|Hess u|2 + p − 2
2
|∇w|2
w
+
(p − 2)2
4
〈∇u,∇w〉2
w2
)
=wp−2
(
|Hess u|2A + Ric f (∇u,∇u) + w1−p/2〈∇u,∇∆p, f u〉
)
,
where we used the fact that |Hess u|2A = |Hess u|2 + p−22 |∇w|
2
w
+
(p−2)2
4
〈∇u,∇w〉2
w2
. Therefore, the proof of
(2.3) is complete. 
To understand the case when M has a nonempty boundary, we need an identity which follows
from integration by parts on the weighted p-Bochner formula with respect to dµ. We call it a
weighted p-Reilly formula and present it in the next theorem. Denote by dσ = e− f dV∂M the
weighted Riemannian volume measure of ∂M, where dV∂M is the Riemannian volume measure of
∂M. Let ∇∂ and ∆∂ be the covariant derivative and Laplacian on ∂M with respect to the induced
Riemannian metric, and let ∆∂, f be the weighted Laplacian on ∂M.
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Theorem 2.2 (weighted p-Reilly formula). Let (M, g, dµ) be a compact smooth metric measure
space with boundary ∂M. Then for any C3 function u,
∫
M
[
(∆p, f u)2 − |∇u|2p−4
(
|Hess u|2A + Ric f (∇u,∇u)
)]
dµ
=
∫
∂M
|∇u|2p−4
[
(H f un + ∆∂, f u)un + II(∇∂u,∇∂u) − 〈∇∂u,∇∂un〉
]
dσ, (2.4)
where un = ∂u∂n .
Proof. We use the same notations in the proof of Lemma 2.1. Integrating the p-Bochner formula
(2.3) over the manifold M with respect to dµ = e− f dV, we have
∫
M
(1
p
L f (|∇u|p) − |∇u|p−2〈∇u,∇(∆p, f u〉
)
dµ =
∫
M
|∇u|2p−4
(
|Hess u|2A + Ric f (∇u,∇u)
)
dµ.
Integration by parts immediately yields
∫
M
|∇u|p−2〈∇u,∇∆p, f u〉 dµ =
∫
∂M
|∇u|p−2(∆p, f u)un dσ −
∫
M
(∆p, f u)2 dµ
=
∫
∂M
|∇u|2p−4
n∑
i, j=1
(
uii + (p − 2)
uiu jui j
|∇u|2 − ui fi
)
un dσ −
∫
M
(∆p, f u)2 dµ.
On the other hand, the divergence theorem implies
1
p
∫
M
L f (|∇u|p) dµ =
∫
∂M
|∇u|2p−4
n∑
i, j=1
(
uiuin + (p − 2)
uiu jui jun
|∇u|2
)
dσ.
Thus,
∫
M
(1
p
L f (|∇u|p) − |∇u|p−2〈∇u,∇∆p, f u〉
)
dµ
=
∫
∂M
|∇u|2p−4
n∑
i=1
(uiuin − uiiun + ui fiun) dσ +
∫
M
(∆p, f u)2 dµ
=
∫
∂M
|∇u|2p−4

n−1∑
i=1
(uiuin − uiiun + ui fiun) + fnu2n
 dσ +
∫
M
(∆p, f u)2 dµ
Following the similar calculation in [9] or [27], we have
n−1∑
i=1
uii =
n−1∑
i=1
(
ei(eiu) − (∇eiei)u
)
=
n−1∑
i=1
(∇∂eiei − ∇eiei)u + ∆∂u
=Hun + ∆∂u,
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and
n−1∑
i=1
uinui =
n−1∑
i=1
uniui =
n−1∑
i=1
(ei(enu) − (∇eien)u)ui
=
n−1∑
i=1
ei(un)ui −
n−1∑
i, j=1
IIijuiuj
=〈∇∂u,∇∂un〉 − II(∇∂u,∇∂u).
Combining all these identities, we obtain∫
M
[
(∆p, f u)2 − |∇u|2p−4
(
|Hess u|2A + Ric f (∇u,∇u)
)]
dµ
=
∫
∂M
|∇u|2p−4
[(
H f un + ∆∂, f u
)
un +
(
II(∇∂u,∇∂u) − 〈∇∂u,∇∂un〉
)]
dσ.
This finishes the proof of (2.4). 
Remark 2.3. (1) For the general Riemannian manifold (M, g), the p-Reilly formula (2.4) is also
new. In fact, when f = const., the identity (2.4) reduces to∫
M
[
(∆pu)2 − |∇u|2p−4
(
|Hess u|2A + Ric(∇u,∇u)
)]
dV
=
∫
∂M
|∇u|2p−4
[
(Hun + ∆∂u)un + II(∇∂u,∇∂u) − 〈∇∂u,∇∂un〉
]
dV∂M.
(2) For p = 2, (2.4) becomes the classic Reilly formula for the weighted Laplacian∆ f (see [27, 17]),
i.e.,∫
M
[
(∆ f u)2 −
(
|Hessu|2 + Ric f (∇u,∇u)
)]
dµ =
∫
∂M
[
(H f un + 2∆∂, f u)un + II(∇∂u,∇∂u)〉
]
dσ.
3. The first eigenvalue estimate for weighted p-Laplacian
In this section, we prove the main results, namely Theorems 1.1, 1.3 and 1.5, which are presented
in the following three subsections, respectively.
3.1. Positive m-Bakry– ´Emery Ricci curvature. The original idea of the proof of Theorem 1.1
comes from the Laplacian case (see e.g. Appendix A in [10]). The main tools we use here are the
weighted p-Bochner formula (2.3) and the weighted p-Reilly formula (2.4), and some tricks from
the geometry related to the Bakry– ´Emery Ricci curvature (see [4, 23, 41]).
Proof of Thoerem 1.1. Let K > 0 and let (M, g, dµ) be a compact smooth metric measure space
with Ricmf ≥ Kg. Since the case where p = 2 is obviously true, we should assume that p > 2.
For λ ∈ R, let u be the solution to the equation (1.7) and let m < ∞. The weighted p-Bochner
formula (2.3) implies that
1
p
L f (|∇u|p) =|∇u|2p−4(|Hess u|2A + Ric f (∇u,∇u)) + 〈|∇u|p−2∇u,∇∆p, f u〉
≥(∆p, f u)
2
m
+ |∇u|2p−4Ricmf (∇u,∇u) + 〈|∇u|p−2∇u,∇∆p, f u〉
≥λ
2
m
|u|2p−2 + K|∇u|2p−2 − (p − 1)λ|∇u|p|u|p−2, (3.1)
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where the first inequality follows from (see e.g. [23])
|∇u|2p−4
(
|Hess u|2A + Ric f (∇u,∇u)
)
≥1
n
(
|∇u|p−2trA(Hess u)
)2
+ |∇u|2p−4Ric f (∇u,∇u)
=
1
n
(∆p, f u + |∇u|p−2〈∇u,∇ f 〉)2 + |∇u|2p−4
(
Ricmf (∇u,∇u) +
〈∇u,∇ f 〉2
m − n
)
≥ 1
m
(∆p, f u)2 + |∇u|2p−4Ricmf (∇u,∇u), (3.2)
and the second inequality follows from (1.7) and the assumption.
(1). Suppose ∂M = ∅. Integrating (3.1) on M with respect to measure dµ = e− f dV, we have
0 ≥ λ
2
m
∫
M
|u|2p−2 dµ + K
∫
M
|∇u|2p−2 dµ − (p − 1)λ
∫
M
|∇u|p|u|p−2 dµ. (3.3)
Multiplying ∆p, f u + λ|u|p−2u = 0 by |u|p−2u on both sides and integrating by parts, we obtain
λ
∫
M
|u|2p−2 dµ = (p − 1)
∫
M
|∇u|p|u|p−2 dµ. (3.4)
Using the Ho¨lder inequality, for any p > 2, we have
λ
∫
M
|u|2p−2 dµ ≤(p − 1)
(∫
M
(|∇u|p) 2p−2p dµ
) p
2p−2
(∫
M
(|u|p−2) 2p−2p−2 dµ
) p−2
2p−2
=(p − 1)
(∫
M
|∇u|2p−2 dµ
) p
2p−2
(∫
M
|u|2p−2 dµ
) p−2
2p−2
;
hence ∫
M
|∇u|2p−2 dµ ≥
(
λ
p − 1
)2− 2p ∫
M
|u|2p−2 dµ. (3.5)
Combining (3.3), (3.4) and (3.5), we obtain
( 1
m
− 1
)
λ2 + K
(
λ
p − 1
)2− 2p 
∫
M
|u|2p−2 dµ ≤ 0.
Since
∫
M |u|2p−2 dµ > 0, for any p > 2, we have
λ ≥ 1(p − 1)p−1
(
mK
m − 1
) p2
,
which is (1.8) when m < ∞.
For the case m = ∞, if Ric f ≥ K, then by (2.3) and (3.4), we get−λ2 + K
(
λ
p − 1
)2− 2p 
∫
M
|u|2p−2 dµ ≤ 0,
and hence (1.9) follows.
(2). Suppose (M, g, dµ) has a nonempty boundary ∂M. Using the weighted p-Reilly formula (2.4)
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and the estimate in (3.2), we have∫
M
[(
1 − 1
m
)
λ2|u|2p−2 − K|∇u|2p−2
]
dµ
≥
∫
∂M
|∇u|2p−4
[
H f u2n + II(∇∂u,∇∂u) + (∆∂, f u)un − 〈∇∂u,∇∂un〉
]
dσ.
Applying the technique used for estimating (3.4) and (3.5), we get
−

( 1
m
− 1
)
λ2 + K
(
λ
p − 1
)2− 2p 
∫
M
|u|2p−2 dµ
≥
∫
∂M
|∇u|2p−4
[
H f u2n + II(∇∂u,∇∂u) + (∆∂, f u)un − 〈∇∂u,∇∂un〉
]
dσ.
Recall the Dirichlet boundary condition is u = 0 on ∂M and the Neumann boundary condition is
∂u
∂n
= 0 on ∂M. Using the assumption on the boundary ∂M, we finally obtain the two estimates
(1.10) for m < ∞. In a similar spirit, we also have (1.11). 
3.2. Nonnegative Bakry– ´Emery curvature. In order to prove Theorem 1.3, we compute the lin-
earized weighted p-Laplacian L f of a proper gradient quantity, and then apply the maximum prin-
ciple and the weighted p-Bochner formula (2.2).
Let (M, g, dµ) be a compact smooth metric measure space without boundary. Assume u is the
eigenfunction corresponding to λ1,p, which means u satisfies the equation (1.7) with λ replaced by
λ1,p in distribution sense. It is known that the solution u is C1,α(M) for some 0 < α < 1. Then∫
M |u|p−2u dµ = 0 implies that u changes the sign. Thus, multiplying it by some constant, we can
assume that
max
x∈M
u(x) = 1 − ε and min
x∈M
u(x) = −a(1 − ε),
where ε is a small enough positive number and 0 < a ≤ 1. Then u satisfies the following gradient
estimate.
Lemma 3.1. Let (M, g, dµ) be a closed smooth metric measure space and let u be the eigenfunction
corresponding to the eigenvalue λ1,p satisfying (3.2). Assume the Bakry- ´Emery Ricci curvature is
nonnegative, i.e., Ric f ≥ 0. Then it holds
|∇u|p
1 − |u|p ≤
λ1,p
p − 1 . (3.6)
Proof. Let F := |∇u|p1−|u|p . Suppose it achieves its maximum at a point x0 ∈ M. If |∇u(x0)| = 0, then
(3.6) trivially holds. If |∇u(x0)| , 0, then we may rotate the frame so that u1(x0) = |∇u(x0)| and
u j(x0) = 0 for j ≥ 2 and F is C∞ in a neighborhood of x0. By the maximum principle, we have
∇F(x0) = 0, L f F(x0) ≤ 0.
At the point x0, we obtain
u11 = −u|u|p−2u2−p1 F, u1 j = 0, j ≥ 2.
Let λ = λ1,p. Combining this with (1.7) and the weighted p-Bochner formula (2.2), we deduce that
1
p
L f (|u|p) = (p − 1)2|u|p−2|∇u|p − λ|u|2p−2, (3.7)
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and
1
p
L f (|∇u|p) = |∇u|2p−4
(
|Hess u|2 + Ric f (∇u,∇u) + p(p − 2)(∆∞u)2
)
+λ|∇u|p−2|u|p−2
(
(p − 2)u∆∞u − (p − 1)|∇u|2
)
(3.8)
≥ (p − 1)2u2p−41 u211 + λup−21 |u|p−2
(
(p − 2)u11u − (p − 1)u21
)
,
where we have used Ric f ≥ 0, |Hess u|2 ≥ u211 and ∆∞u ≥ u11.
Applying L f to both sides of the identity (1 − |u|p)F = |∇u|p, with the fact ∇F(x0) = 0 and
L f F(x0) ≤ 0, we get
L f (|∇u|p) ≤ −FL f (|u|p).
Combining this with (3.7) and (3.8), we obtain
(p − 1)2u2p−41 u211 + λup−21 |u|p−2
(
(p − 2)u11u − (p − 1)u21
)
≤ − F
(
(p − 1)2|u|p−2up1 − λ|u|2p−2
)
.
Noticing that up−21 u11 = −u|u|p−2F and (1 − |u|p)F = |∇u|p, we have
(p − 1)2|u|2p−2F2 − λ|u|p−2
(
(p − 2)|u|pF + (p − 1)F(1 − |u|p)
)
≤ − F
(
(p − 1)2|u|p−2F(1 − |u|p) − λ|u|2p−2
)
,
which immediately implies
F ≤ λ
p − 1 .
Therefore, we finish the proof. 
Proof of Theorem 1.3. (1) Let x1, x2 ∈ M such that u(x1) = 1 − ε and u(x2) = −a(1 − ε). Take a
normalized minimal geodesic from x2 to x1. Since the Riemannian distance between x1 and x2 is
no bigger than D, (3.6) implies that
D
( λ
p − 1
) 1
p ≥
∫ 1−ε
−a(1−ε)
du
(1 − |u|p)1/p .
Letting ε→ 0+, we get
D
( λ
p − 1
) 1
p ≥
∫ 1
−a
du
(1 − |u|p)1/p >
∫ 1
0
du
(1 − up)1/p =
pi
p sin (pi/p) =
pip
2
,
which concludes the proof of Theorem 1.3 (1).
(2) Assume that ∂M is nonempty. Let F := |∇u|p1−|u|p be the auxiliary function as in Lemma 3.1. If
the maximum of F is attained in the interior of M, then using the similar argument as in (1), we can
still obtain the desired estimate. Thus, we assume the maximum of F is attained at, say x0 ∈ ∂M,
and then derive a contradiction.
Choosing an orthonormal frame of vector fields {ei}ni=1 in a neighborhood of x0 in ∂M such that
en = n. By the Hopf maximum principle, we have
Fn(x0) := ∂F
∂n
(x0) > 0.
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Taking the derivative ∂
∂n
to both sides of the identity |∇u|p = (1 − |u|p)F, we get
p|∇u|p−2
n∑
i=1
uiuin = Fn(1 − |u|p) − pF |u|p−2uun.
In either the case of the Dirichlet problem (u = 0 on ∂M) or the Neumann problem (un = 0), we
have
1
p
|∇u|2−p(1 − |u|p)Fn =
n∑
i=1
uiuin = ununn +
n−1∑
i=1
uiuin. (3.9)
For the Dirichlet problem, u = ui = 0 on ∂M for i , n. Then (1.7) implies
0 = −λ|u|p−2u = ∆p, f u =|∇u|p−2
(
∆ f u + (p − 2)Hess u(∇u,∇u)|∇u|2
)
=|∇u|p−2(∆u − fnun + (p − 2)unn)
=|∇u|p−2
(
(p − 1)unn − fnun +
n−1∑
i=1
uii
)
.
Thus,
(p − 1)unn = fnun −
n−1∑
i=1
uii = fnun −
n−1∑
i=1
(
ei(eiu) − (∇eiei)u
)
= fnun −
n−1∑
i=1
〈∇eiei, n〉un = fnun − Hun = −H f un.
For the Neumann problem, un = 0. Thus in either of the cases,
ununn = −
1
p − 1H f u
2
n. (3.10)
For i , n,
n−1∑
i=1
uiuin =
n−1∑
i=1
ui
(
ei(un) −
n−1∑
j=1
IIi ju j
)
= −
n−1∑
i, j=1
IIi ju j, (3.11)
since either ui = 0 on ∂M (Dirichlet) or ei(un) = 0 (Neumann).
Putting (3.10) and (3.11) into (3.9), we obtain
1
p
|∇u|2−p(1 − |u|p)Fn = − 1p − 1H f u
2
n −
n−1∑
i, j=1
IIi juiu j. (3.12)
Therefore, in either the Dirichlet problem (u = ui = 0 on ∂M) with H f ≥ 0 or the Neumann
problem (un = 0) with IIi j ≥ 0, i, j = 1, · · · , n − 1, we have
1
p
|∇u|2−p(1 − |u|p)Fn ≤ 0,
which is impossible since |u| < 1 and Fn > 0. This finishes the proof of Theorem 1.3 (2). 
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3.3. Non-positive m-Bakry– ´Emery Ricci curvature. In order to prove Theorem 1.5, we derive a
lemma at first.
Lemma 3.2. Let (M, g, dµ) be a compact smooth metric measure space with the m-Bakry– ´Emery
Ricci curvature Ricmf ≥ −Kg for some constant K ≥ 0. Let the function u : M → [−1, 1] satisfy
equation (1.7). For some constant a > 1, define
G := (p − 1)p|∇ log(a + u)|p.
Then,
L f (G) − αp
|∇G|2
G2/p
−
(
2(p − 1)
m − 1
(
1 + λuw−
p
2 h
)
− p
)
〈∇v,∇G〉w p2−1
≥ p
m − 1G
2 − pKG2(p−1)/p +
( 2u
m − 1 − a
)
pλhG + p
m − 1(λuh)
2, (3.13)
where α := min{2(p − 1), m(p−1)2
m−1 }, v := (p − 1) log(a + u), w := (p − 1)2|∇ log(a + u)|2 and h :=
(p − 1)p−1 |u|p−2(a+u)p−1 .
Proof. Set v = (p − 1) log(a + u). From equation (1.7), it is easy to see that v satisfies
∆p, f v = −|∇v|p − (p − 1)p−1 λ|u|
p−2u
(a + u)p−1 . (3.14)
Set w = |∇v|2. Then in terms of w, (3.14) has the equivalent form
( p
2
− 1)wp/2−2〈∇w,∇v〉 + wp/2−1∆ f v = −wp/2 − (p − 1)p−1 λ|u|
p−2u
(a + u)p−1 . (3.15)
By using the weighted p-Bochner formula (2.3), we have
L f (|∇v|p) = p|∇v|2p−4
(
|Hess v|2A + Ric f (∇v,∇v) + |∇v|2−p〈∇v,∇∆p, f v〉
)
, (3.16)
where L f is the linearized operator of ∆p, f at v. Substituting (3.14) into (3.16), we get
L f (G) = pwp−2
(
|Hess v|2A + Ric f (∇v,∇v)
)
− pw p2−1〈∇v,∇G〉 − paλhG. (3.17)
where h = (p − 1)p−1 |u|p−2(a+u)p−1 .
Now we estimate |Hess v|2A. We only need to estimate it over the point where w > 0. Choose
a local orthonormal frame {ei}ni=1 near any such a given point so that ∇v = |∇v|e1. Then w = v21,
w1 = 2vi1vi = 2v11v1, and for j ≥ 2, w j = 2v j1v1. Hence, 2v j1 = w jw1/2 . From (3.15), we immediately
deduce that
n∑
j=2
v j j = −w − ( p2 − 1)
w1v1
w
+ f1v1 − v11 − λuw1−
p
2 h
= −w − (p − 1)v11 + f1v1 − λuw1−
p
2 h. (3.18)
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By the definition of A and the Cauchy-Schwarz inequality, we have
|Hess v|2A = |Hess v|2 +
(p − 2)2
4w2
〈∇v,∇w〉2 + p − 2
2w
|∇w|2
=
n∑
i,k=1
v2ik + (p − 2)2v211 + 2(p − 2)
n∑
k=1
v21k
= (p − 1)2v211 + 2(p − 1)
n∑
k=2
v21k +
n∑
i,k=2
v2ik
≥ (p − 1)2v211 + 2(p − 1)
n∑
k=2
v21k +
1
n − 1
( n∑
j=2
v j j
)2
.
Substituting (3.18) into the above inequality, we obtain
|Hess v|2A ≥(p − 1)2v211 + 2(p − 1)
n∑
k=2
v21k +
1
n − 1
(
w + (p − 1)v11 − f1v1 + λuw1−
p
2 h
)2
≥(p − 1)2v211 + 2(p − 1)
n∑
k=2
v21k +
1
m − 1
(
w + (p − 1)v11 + λuw1−
p
2 h
)2 − ( f1v1)2
m − n
≥α
n∑
k=1
v21k +
1
m − 1
(
w + λuw1−
p
2 h
)2
+
2(p − 1)v11
m − 1
(
w + λuw1−
p
2 h
)
− ( f1v1)
2
m − n , (3.19)
where α = min{2(p−1), m(p−1)2
m−1 }, and we applied the inequality (a−b)2 ≥ a
2
1+δ − b
2
δ
with δ = m−n
n−1 > 0.
Substituting the identities
2wv11 = 〈∇v,∇w〉 and
n∑
j=1
v21 j =
1
4
|∇w|2
w
into (3.19), we obtain
|Hess v|2A ≥
α
4
|∇w|2
w
+
1
m − 1
(
w + λuw1−
p
2 h
)2
+
p − 1
m − 1〈∇v,∇w〉
(
1 + λuw−
p
2 h
)
− ( f1v1)
2
m − n . (3.20)
Combining (3.17) and (3.20), by the assumption that Ricmf ≥ −Kg, we have
L f (G) ≥ pwp−2
(
α
4
|∇w|2
w
+
1
m − 1
(
w + λuw1−
p
2 h
)2
+
p − 1
m − 1〈∇v,∇w〉
(
1 + λuw−
p
2 h
))
−pwp−2Ricmf (∇v,∇v) − pw
p
2−1〈∇v,∇G〉 − apλhG
≥ p
m − 1G
2 +
α
p
|∇G|2
G2/p − pKG
2(p−1)/p +
( 2u
m − 1 − a
)
pλhG + p
m − 1(λuh)
2
+
(
2(p − 1)
m − 1
(
1 + λuw−
p
2 h
)
− p
)
〈∇v,∇G〉w p2−1,
which is the desired result. 
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Proof of Theorem 1.5. Let u be a nonconstant eigenfunction satisfying (1.7). Using the fact
−λ
∫
M
|u|p−2u dµ =
∫
M
∆p, f u dµ,
we know that u must change the sign. Without loss of generality, set minM u = −1 and maxM u ≤ 1.
Consider the function
v = (p − 1) log(a + u)
for some constant a > 1. Assume that x0 ∈ M is a point such that the function G = |∇v|p reaches
the maximum. By using the maximum principle and Lemma 3.2, we obtain
0 ≥ p
m − 1G
2 − pKG2(p−1)/p +
( 2u
m − 1 − a
)
pλhG + p
m − 1(λuh)
2
≥ p
m − 1G
2 − pKG2(p−1)/p +
( 2u
m − 1 − a
)
pλhG.
Combining this and Young’s inequality, we get
0 ≥G − (m − 1)KG1− 2p + (2u − (m − 1)a)λh
≥G − p − 2
p
G − 2
p
((m − 1)K) p2 + (2u − (m − 1)a)λh
=
2
p
G − 2
p
((m − 1)K) p2 + (2u − (m − 1)a)λh,
which implies that, for all x ∈ M,
G(x) ≤G(x0) ≤ ((m − 1)K)
p
2 − p
2
(2u(x0) − (m − 1)a)λ(p − 1)p−1 |u(x0)|
p−2
(a + u(x0))p−1
≤((m − 1)K) p2 + p(p − 1)
p−1
2
( a
a − 1
)p−1(m + 1)λ.
Integrating G
1
p = (p − 1)|∇ log(a + u)| along a minimal geodesic γ : [0, 1] → M joining points
x1 and x2 such that u(x1) = −1 and u(x2) = maxM u, we obtain
(p − 1) log
(
a
a − 1
)
≤(p − 1) log
(
a + max u
a − 1
)
≤
∫ 1
0
(p − 1)|∇ log(a + u(γ(s)))||γ˙(s)| ds
≤D
(
((m − 1)K) p2 + p(p − 1)
p−1
2
( a
a − 1
)p−1(m + 1)λ
) 1
p
≤D
√
(m − 1)K + D(p − 1) p−1p
( a
a − 1
) p−1
p (m + 1) 1p
( p
2
λ
) 1
p
,
for all a > 1, where we used the inequality (x + y) 1p ≤ x 1p + y 1p for x, y ≥ 0 and p ≥ 1.
Setting t = log
(
a
a−1
)
with a > 1, we have
( p
2
λ
) 1
p ≥ 1
D
( p − 1
m + 1
) 1
p
(
t − 1
p − 1
√
(m − 1)KD
)
e−
p−1
p t. (3.21)
Choosing
t =
p
p − 1 +
1
p − 1
√
(m − 1)KD
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such that, as a function of t, the right hand side of (3.21) achieves the maximum, we finally obtain
the estimate
λ ≥ 2
m + 1
( p
p − 1
)p−1 1
Dp
e−
(
p+
√(m−1)KD
)
.
The proof of (1.12) is finished by letting
C(p,m) = 2
m + 1
( p
p − 1
)p−1
e−p.
In addition, if ∂M is nonempty and convex, then following similarly the proof of [21, Corollary
5.8] in the Laplacian case, we complete the proof. 
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